Abstract The interaction between mangroves and storm surges is explored using an analytical solution. A simplified momentum equation, balancing vegetation drag and pressure gradient, is combined with the continuity equation resulting in a diffusion equation. Assuming a simplified environment, a one-dimensional analytical solution is obtained to predict peak surge level across a forest. The solution accurately reproduces peak water level of a 10-year return period flood event in mangroves in the Firth of Thames, New Zealand, and in Ten Thousand Islands, Florida, during Hurricane Charley. Vegetation properties that determine the capacity of mangroves to reduce surges are forest density and cross-shore extent. Storm characteristics-flood duration and peak water level at the forest fringe-also influence surge attenuation. Mangroves are shown to be an effective form of coastal flood protection if forests are sufficiently wide/dense, relative to the surge decay length scale, to restrict water exchange during a storm.
Introduction
Tropical cyclones can be destructive and deadly events in which coastal flooding is one of the primary causes of damage and casualties. Climate-change-driven sea level rise, increased storm frequency, and greater storm intensity are expected to enhance devastation due to storm surges (Woodruff et al., 2013) . Coastal mangroves have been shown to lessen the impact of coastal storms by reducing wind-generated waves, dissipating currents, stabilizing sediments, and decreasing storm surge levels (Guannel et al., 2015; Temmerman et al., 2013) . Existing documentation of the protective services mangroves provide with respect to storm surge attenuation can be separated into three categories (McIvor et al., 2016) : observations of water level (Krauss et al., 2009) , numerical simulations (Zhang et al., 2012) , and analysis of damage caused by storm surges at coasts with and without mangroves (Das & Vincent, 2009 ). Numerical models are not always well validated (Zhang et al., 2012) , and are sensitive to the way in which vegetation is represented (Horstman et al., 2013) . Conversely, field observations of flood attenuation through mangroves are limited in location and events (primarily describing hurricane impacts on the gulf coast of the United States). Without a clear theoretical framework, applying observed flood attenuation rates to other sites is problematic. Given the loss of lives and infrastructure associated with coastal flooding (Costanza et al., 2008) and the potential for vegetation to reduce flooding, better understanding of the interaction between storm surge and mangroves is critically needed.
Environmental characteristics, such as vegetation density, root and stem diameter, bathymetry, and inundation characteristics influence the capacity of mangroves to reduce flood water levels (Alongi, 2008) , but interaction between parameters has not been well quantified. Previous numerical experiments have shown that the influence of mangrove forest width (cross-shore extent) on storm surge attenuation is nonlinear (significant attenuation of water levels occurred across the forest fringe but little attenuation occurred at further distances into the forest), and surges from slow moving long-duration storms were less effectively attenuated than those from faster-moving shorter-duration events (Zhang et al., 2012) . However, the physical mechanisms to explain the above results were not provided.
Storm surge propagation in mangrove forests is friction-dominated and is reasonably well described as a "zero-inertia" diffusive wave (Friedrichs & Madsen, 1992; LeBlond, 1978) . We develop a simplified analytic approximation to the nonlinear diffusion equation to describe the interaction between storm surge and emergent vegetation. Here the analytic solution is applied to two extreme surge events in contrasting mangrove forests, a 10-year return period flood event in the Firth of Thames, New Zealand, and Hurricane Harvey in Ten Thousand Islands, Florida. Such analytical solutions provide efficient and accurate predictions of surge levels across a forest.
Study Sites

Firth of Thames, New Zealand
The Firth of Thames (FoT) is a shallow~800-km 2 basin in the North Island of New Zealand with a monoculture of gray mangroves (Avicennia marina var. australasica) occupying much of the southern shore. Mangrove colonization began in the mid-1950s, with trees currently varying in height from 0.5 to 3.5 m.
The site is relatively uniform in the longshore direction, allowing for the hydrodynamics to be reasonably simplified to a one-dimensional problem. The mangrove forest extends~1 km seaward of a stop bank, designed to prevent flooding of the low-elevation farmland behind the mangroves (Lovelock et al., 2010) . The mesotidal estuary is a moderately wave exposed area (typically <1 m) with a spring tidal range of 2.8 m and neap range of~2 m. The upper vegetated flat (Figure 1c ) is 0.1-0.2 m above mean high water spring tide resulting in infrequent inundation of the forest (Swales et al., 2015) . Storm surges in the region rarely exceed 0.5 m (Bell et al., 2000) . The forest has no significant channels, and therefore, we can assume that fluid transport is dominated by flow through the vegetation. Additionally, the low slope of the vegetated portion of the upper intertidal supports a zero-slope simplification ( Figure 1c ).
Ten Thousand Islands, Florida
Located on the Gulf of Mexico coast in Florida, Ten Thousand Islands (TTI) is part of a large mangrove estuary with multiple mangrove species (red, white, and black mangroves) up to 9 m in height (Pool et al., 1977) . (No pneumatophore information is provided.) The study site is located landward of the outer islands and is composed of~3 km of mangrove forests before transitioning to salt marsh (Krauss et al., 2009) . Tides influence the outer portion of the forest, but do not penetrate into the salt marsh.
2.3. Field Observations 2.3.1. Firth of Thames, November 2016 Event Observations of extreme water levels across the mangroves in the FoT were collected in November 2016. A series of nine pressure sensors were deployed along a cross-shore transect extending from the stop bank to the vegetated intertidal (Figures 1b and 1c) . Station 1 is located just seaward of the vegetation. Stations 2-5 are in the first~100 m of the mangrove forest and provide a high degree of spatial resolution across the gently sloping (1:125) mangrove fringe. The remaining stations are roughly equally spaced across the vegetated tidal flat between the fringe and the stop bank. A small channel exists just seaward of the stop bank and may influence the inundation pattern toward the back of the mangrove forest. A long-term water-level gauge was located to the northeast of the study area. Additional details on the instrumentation and data processing are presented in Montgomery et al. (2018) .
In November 2016, unusual astronomical conditions combined to create the largest spring tide in 70 years. On 17 November, a storm contributed to the abnormal tidal amplitude to generate a local peak water level 2.36 m above mean sea level, which corresponds to a 10-year return period flood at the long-term water-level gauge near the study site. As the surge propagated across the study site, a decrease in amplitude as well as a temporal delay in peak water levels was evident ( Figure 2a (Figure 2d ), site #A in the mangrove forest~2.3 km from the bay, site #B at a transition from mixed mangrove to salt marsh at a distance of~3.2 km, site #C in a marsh 4.5 km from the bay, and site #D 5.5 km from Faka Union Bay in a marsh (locations shown in Figure 1e ). Note that no instrument elevations were recorded, and therefore, water levels cannot be related to a vertical datum; additional details on data collection and processing can be found in Krauss et al. (2009) . The three most landward instrument sites were not influenced by tidal fluctuations, and therefore, storm surge height was determined by the difference between the 5-hr mean water level prior to the storm surge event and peak water level ( Figure 2e ). For tidally influenced instrument sites, storm surge height was determined as water level above predicted high tide.
Theoretical Model
Sheet flow over an intertidal platform with uniform vegetation cover contrasts with creek flow in which flow dynamics are dominated by transport through channels, and the higher elevation vegetated regions primarily act as water storage. A simple analytic solution to creek flow was previously developed (Friedrichs & Madsen, 1992) . In contrast, the new formulation presented here characterizes a regime in which flux through flat vegetated areas dominates over flux through channels. Sheet flow hydrodynamics through mangroves can be separated into three depth-dependent regimes imposed by the submerged portion of the plant. In shallow flows, friction is dominated by the high-density pneumatophores (aerial roots) which are typically between 5 and 25 cm in height . At intermediate water depths, flow interacts with trunks and pneumatophores. In sufficiently deep water, flow interacts with the canopy in addition to the trunks and pneumatophores. In the present work, flow past trunks and pneumatophores are examined, as water levels during the high-water events were not sufficient to be significantly influenced by the leafy canopy at these sites.
Long-period storm surge (~O (hours)) through uniform emergent vegetation is reasonably described by a simplified 1-D conservation of momentum equation (three-dimensional turbulence is parameterized by vegetation drag, which is balanced by the pressure gradient). Combining momentum and continuity equations (see S1) yields a diffusion equation:
where
, which relates the temporal and spatial gradients of sea surface (η)-similar to Friedrichs and Madsen (1992) , but assuming sheet flow (not channel flow) and that frictional drag is dominated by vegetation and not the seabed. Mangrove trunks are modeled as rigid emergent cylinders spaced sufficiently far apart for interelement interactions to be negligible (as suggested by Nepf (2004) ). The diffusion coefficient D is a function of gravity g; drag coefficient C d ; water depth h, varying in both time and space; vegetation frontal area density a v , varying in space and vertically with water depth; and spatial sea surface gradient ∂η ∂x , varying in both time and space (Bedient & Huber, 1992) . Note that larger water depths and lower vegetation density result in a larger diffusion coefficient and a greater rate of fluid exchange.
Constant Diffusion Coefficient Solution
An approximate analytic solution to equation (1) can be obtained by treating the diffusion coefficient D as a constant D equal to the spatial and temporal average of the variable quantities (note that overbar designates a time average and angle brackets a spatial-average). The open boundary condition (x = L) is set by assuming a sinusoidally varying sea surface η = a sin (ωt), with amplitude a and angular frequency ω computed from fitting a half sine wave to the inundation event at the mangrove/open water interface. At the landward side of the basin (x = 0), a zero sea surface gradient boundary condition is assumed (associated with no flow through the boundary), providing the solution (following Friedrichs and Madsen (1992) ):
where sea surface elevation is dependent on the position in the basin x relative to the landward end of the forest, and the relationship between decay length scale L decay and width of the mangrove forest L forest .
Evaluating the decay length scale requires an estimate for average sea surface slope (averaged in both time and space), which was obtained by taking the time-averaged partial derivative of equation (2) evaluated at the open boundary (x = L forest ; Friedrichs & Madsen, 1992) to yield
Equation (3) can be solved iteratively and requires an estimate for inundation period to obtain a value for angular frequency ω. To accommodate exposure at low tide in a solution that assumes a sinusoidal water-level boundary condition at the seaward end of the vegetation, a wave period of double the inundation duration was assumed. Amplitude a was set as the maximum water elevation above the seabed at the open boundary and average depth h as half that amplitude. Forest width L forest and average vegetation frontal density a v are assigned from field observations. Coefficient of drag C d is~1 for Reynolds numbers ≥200, with an average stem diameter of~2 cm; this corresponds to velocities greater than 1 cm/s and indicates that flow through mangroves is often turbulent (Mullarney & Henderson, 2018) . A more direct equation for decay length scale is obtained by rearranging equation (3), substituting, and simplifying, to obtain
LeBlond (1978) originally proposed a diffusion equation to describe bottom friction-dominated tidal flows. A formulation for drag due to rigid emergent vegetation (suggested by Nepf (2004)) results in a different formulation for the diffusion coefficient compared to bottom friction dominated flows. The new equation presented here uses representative values to approximate variable quantities in the diffusion coefficient (similar to the methods of Friedrichs and Madsen (1992) for bottom friction dominated environments) to obtain an analytic solution to the nonlinear diffusion equation describing flooding through mangrove vegetation.
Depth-averaged flow velocities u can be found from the combination of the continuity equation and the time derivative of the solution to the diffusion equation (2) (Friedrichs & Madsen, 1992) :
Flow speeds (not shown) are therefore greatest at the seaward edge of the vegetation (x = L forest ) and approach zero at the landward boundary (x = 0).
Alternative analytic approximations to friction-dominated flow such as Dronkers' (2005) linearization of the friction term are not appropriate in this case as, in strongly dissipative environments, drag is highly nonlinear (Lanzoni & Seminara, 1998) .
Importance of Flow Through Pneumatophores
Baptist et al. (2007) described the time-averaged flow over submerged vegetation as being composed of four zones: a zone influenced by the bottom, flow through vegetation, a transition region at the top of the vegetation, and logarithmic flow above the vegetation. Our situation is reasonably described as a zone influenced by the bottom and two layers of vegetation: a submerged pneumatophore layer and an emergent trunk layer. Pneumatophore heights are variable and the gradual decline of vegetation density along the vertical diffuses the transition layer . Bed roughness is insignificant compared to the roughness provided by the dense pneumatophore cover , and therefore, influence of the bottom on water flux is ignored.
The relative importance of water flux through the pneumatophore and trunk layers can be examined by considering the ratio of discharge per unit width. Vegetation surveys in the FoT showed average pneumatophore densities~2 m −1 with an average height of 0.1 m. Additionally, an average value for trunk frontal area density of 0.13 m −1 was found, although with substantial variability (values from 0.03 to 0.35 m −1 ).
The ratio of the discharge through the pneumatophore zone and through the remainder of the water column can be obtained by solving for water velocity in equation (5) and using a simple formula for discharge per unit width Q = u*h. The relative flow through pneumatophores is expressed as equation (6) below, with height of the pneumatophore layer and remaining water column (above the pneumatophores) denoted by h P and h T , respectively, and frontal area of the pneumatophores and trunks as a P and a T ,
The relative contribution of volume transported through the pneumatophore layer depends on total water depth and vegetation characteristics. FoT peak water depths reached 72 cm above the intertidal flat; therefore, for average vegetation parameters in the FoT, water flux through the pneumatophore layer is at least an order of magnitude lower than through the trunk zone, and so can reasonably be neglected. In the absence of further data, the same assumptions are applied to the TTI site.
Comparison of Model Predictions to Field Observations
Firth of Thames
Predicted maximum water levels across the FoT intertidal (equation (2))) were compared to observations (Figure 3a) . Root-mean-square error between the theoretical model and observations is 2.7 cm. Flood duration and amplitude, used to establish the open water boundary condition, were selected from inspection of the flood signal of the most seaward instrument and estimated with respect to the top of the pneumatophore layer. Inundation duration of the flood event was 3 hr, 5 min and amplitude 0.62 m (above pneumatophore layer at~1.85 m + mean sea level). Note that due to the sinusoidal forcing assumption, the period of the boundary condition signal is double the measured inundation duration. Mangrove properties were averaged over the study site, and a vegetation frontal area density of 0.13 m −1 was used for model computations; the real component of the resultant decay length scale is 812 m. Maximum flood water level decays most rapidly across the outermost vegetated region where maximum sea surface slope and therefore maximum flow speeds occur.
Ten Thousand Islands
Maximum water levels in the TTI mangroves predicted by the diffusion method showed strong agreement with observed peak water levels during Hurricane Charley (Figure 3b) , with root-mean-square error between the theoretical model and observations of peak water level of 3.6 cm. Forest fringe boundary conditions were selected from fitting a half sinusoid to the skew surge at the Faka Union tide gauge (Figure 2d ), an inundation duration of 16 hr, 48 min and peak elevation of 0.97 m was identified. Due to a small local topographic gradient, no limit on forest width was imposed when calculating decay length of the flood signal (equation (4); tanh L forest Ldecay e 1Þ. Mangrove frontal area of 0.19 m −1 was used in the diffusion model and was calculated from vegetation data presented by Pool et al. (1977) for the TTI site. The real component of the inundation decay length L decay of Hurricane Charley through the TTI site is 2,460 m.
Discussion
Our solution to friction-dominated surge propagation through uniform mangroves has two parts: the formulation of decay length scale and the relationship between decay length scale and forest width. Decay length (equation (4)) increases with longer surge duration, deeper surge events, and less dense vegetation. Surge durations typically vary from a few hours, for fast-moving storms or tidally dominated inundation (as in FoT), to several days for large slow-moving events (Hurricane Harvey elevated water levels off the Gulf Coast of Texas for approximately four days). The variation in surge period is the dominant influence on decay length scale (changing by~1 order of magnitude). Pool et al. (1977) presented mangrove density data for a variety of mangrove species in around 20 forests. Frontal area density of trunks and stems varied by~1 order of magnitude (0.07-0.62 m
), influencing surge decay length by a factor of~2. Observations by Zhang et al. (2012) showed that peak water levels of longer-duration hurricanes in South Florida were attenuated less than shorter-duration surges. Mangroves restrict the flow of water through the forest; therefore, shorterperiod storms are unable to transport water through the forest as efficiently as longer-period storms, resulting in greater surge attenuation of shorter-duration events. In sufficiently long-duration floods, no attenuation of water level occurs and flood levels across the forest are uniform (e.g., narrow forest in Figure 3c ).
The dynamics of storm surge through coastal mangroves are dependent on the relationship between inundation decay length and mangrove forest width (equation (3) and Figure 3c ), as derived from the diffusion equation. Figure 3c shows the rate of decay of water level for a series of forests of varying relative length. Peak water level decays more rapidly in wider forests than in narrower, a result which can be attributed to additional water storage within the wider forest and the associated water flux through the vegetation. Although water level is not reduced as effectively in narrow forests, these results were generated assuming no water was transported landward of the inner forest boundary (further attenuation could occur if water storage exists landward of the vegetation). In the simplified environment assumed for this study, the outer portion of the vegetation acts to limit water exchange and the inner portion of the forest primarily serves as water storage, rendering the presence/properties of vegetation in the landward portion of the forest irrelevant. The forest in TTI was~3.2 km wide with marsh landward of the mangroves. The rigid vegetation diffusion model with constant vegetation density (which only represents the front region of the wetland) accurately predicted water levels because the marsh landward of the mangroves acted only as water storage. Examining overall water-level reduction across mangrove forests shows that total attenuation of water level increases most rapidly (with additional forest width) when the decay length scale and forest width are approximately equivalent (slope of dashed line, Figure 3c ). With sufficient forest width relative to the decay length of the surge event, mangroves effectively attenuate water levels by limiting fluid exchange across the forest.
Rigid emergent vegetation, dominated by sheet flow, is assumed in our new adaptation of (Friedrichs & Madsen, 1992) , and therefore, our method is not applicable to a wider array of coastal vegetation or geomorphology. The flexibility of saltmarsh grasses invalidates the assumption that the drag coefficient is independent of velocity and that vegetation frontal area is only proportional to depth (reviewed in Nepf, 2012; Mullarney & Henderson, 2018) . Saltmarshes are likely to be fully submerged during extreme events and the dominant water transport mechanism will either be through channels or skimming above the submerged vegetation. Application of the diffusion method requires a single frontal area value to be representative of the flow impeding effect of vegetation. Therefore, model application depends on mangroves being distributed such that flow routing through channels, around patches, or over submerged vegetation is insignificant, and sufficiently rigid to not deflect in flow. Moreover, the method assumes the momentum balance is characterized by sea surface gradient and friction due to emergent vegetation. Tsunamis and very large/short-duration storm surges may require additional terms in the momentum equation.
Variations in the Diffusion Coefficient
The assumption of a constant diffusion coefficient facilitated an analytic solution to the diffusion equation, but results in symmetrical surge waves. The diffusion coefficient (equation (3)) contains three sources of variation: linear dependence on water depth (η), nonlinear dependences on sea surface slope ∂η ∂x , and dependence on vegetation characteristics (a v ). The emergent vegetation assumption provides a linear relationship between the diffusion coefficient and depth (equation (1)). The upper portion of the surge propagates at higher velocity than the lower portion resulting in a flood-dominant asymmetry, shorter flood stage, and longer ebb stage (Parker, 1984) , which is not captured by a constant diffusion coefficient. Although vegetation reduces peak surge levels due to limiting water exchange, vegetation also reduces the rate at which water returns to the seaward boundary, increasing ponding time (Figures 2a  and 2e ; Rodríguez et al., 2017) . The constant diffusion coefficient solution produces a decaying, temporally shifted sine wave that overpredicts the rate of the receding water levels. The depth dependence of the diffusion coefficient is of greater importance in a traditional bottom frictiondominated environment (D~η 5/3 (Friedrichs & Madsen, 1992) ) than for the linear dependence in emergent vegetation presented here.
Vertical and horizontal variations in vegetation induce complexity in flow that is not captured by the present approach. Mangrove trunk densities varied up to an order of magnitude throughout the FoT study area. Despite this variation, the simplified solution assuming uniform mangrove density well matched observations ( Figure 3a) . The vegetation variations were not organized in patches and did not cause significant flow routing; therefore, averaging mangrove characteristics resulted in a representative value for estimating drag due to vegetation. Highly channelized and creek dissected mangroves do not attenuate surge water levels as effectively as more uniform forests without creeks (Krauss et al., 2009; Montgomery et al., 2018) .
Conclusions
Surge propagation in a friction-dominated mangrove environment is well described as a diffusive phenomenon. Mangrove forests have been conceptualized here as a buffer limiting water exchange and providing water storage. Our new analytic solution derived from the linearized diffusive model compared well with field observations of extreme surges in two contrasting mangrove environments. Mangroves have been shown to provide effective coastal flood protection if forests are sufficiently wide with respect to the decay length scale of the surge wave. The newly derived simplified equations that isolate the dominant physics can be helpful in both qualitatively and quantitatively understanding surge attenuation in mangrove forests and provide an easily accessible solution without the need for advanced computing resources. Such formulae can help with planning for sea level rise and flooding scenarios in the vulnerable low-lying areas that characterize many tropical and subtropical coastlines.
